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Abstract

The theory of similarity of heat and mass transfer processes in bubble ¯uidized beds is developed. It is based on
the account for a main speci®c feature, which distinguishes a ¯uidized bed from other gas-solid systems, viz. a two-
phase structure of the bed: the presence of bubble and emulsion phases. The existence of these phases determined

the character of transport processes in the system in many respects and imparts a number of unique properties to
the system that are widely used in engineering (isothermicity, high values of the coe�cients of thermal conductivity
and heat transfer, etc.). A system of dimensionless governing parameters which characterize local and integral

similarity of ¯uidized beds is found. It is shown that Fr and Ar numbers can serve as basic dimensionless
characteristics of bubble and emulsion phases. The employment of these numbers makes it possible to obtain
generalized relations for calculating transport characteristics of ¯uidized beds which are distinguished by simplicity,
physical and large universal nature. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The development of the methods for calculating

transport processes in bubble ¯uidized beds (FB) is, to

a great extent, complicated by the absence of a rather

rigorous theory a ¯uidized state of granular medium

[1,2]. By virtue of this fact, di�erent empirical and

semiempirical investigation methods have acquired

wide spread. In this situation, as is known [3], of es-

pecial value are the methods of the similarity theory

which allow, on the one hand, the organization of

rational experimental studies and, on the other, the

retention of rather broad generalizations of the avail-

able experimental data that are applicable in engineer-

ing practice.

As is known [3], non-dimensionalization of di�eren-

tial equations describing these processes is a classical

method for obtaining dimensionless determining vari-

ables (simplexes and complexes) which re¯ect similarity

of these processes. As applied to such heterogeneous

system as a FB these are the equations of balance of

masses, momenta, and energies of gas and particles.

This means was realized in [4±7] where the equations

of balance of masses and momenta of phases obtained

by Anderson and Jackson [8] were non-dimension-

alized. Another means for obtaining dimensionless cri-

teria of similarity which is widely used in practice is an

application of the p-theorem of similarity theory [3] to

the empirically found system of dimensional par-

ameters determining the unknown quantity. A great

number of dimensionless equations for calculating

di�erent characteristics of a FB were obtained by this

(in many respects euristic) means [9±11]. It is obvious,

that the ®rst means is preferable due to its substan-

tiated and universal nature. Nevertheless, it should be

stated that this means did not give a system of dimen-

sionless parameters which allow one to adequately

reveal the laws of similarity in a FB. To our opinion,

the problem is in the fact that the mentioned

Andersen-Jacksson equations do not suit to such an

analysis because they are written separately for gas

and particles and do not re¯ect another important

aspect of a two-phase nature of a FB, i.e. the presence

of bubble and emulsion phases [1]. Just this type of a
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Nomenclature

Ar Archimedes number, gd 3rf (rsÿrf )/m
2
f

c speci®c heat capacity
Df coe�cient of gas di�usion

D bed diameter
Dt tube diameter
Db gas bubble diameter

Dh vertical size of a bubble, Dh=0.7Db

D h coe�cient of horizontal di�usion of particles
d particle diameter

Frh local Froude number, (uÿ umf)
2/gh

Fr Froude number, (uÿ umf)
2/gHmf

g capacity acceleration
Hmf bed height at u=umf

H bed height
h local height above a gas distributor
Hc height of a separation zone

k coe�cient of mass transfer related to bubble unit surface
K coe�cient of e�ective vertical di�usion of particles
Nu Nusselt number, ad/lf
P pressure
Peb Pecklet number, vbDb/2Df

Pr Prandtl number, cfmf /lf
Re Reynolds number, udrf /mf
Ret Reynolds number, uDtrf /mf
Remf Reynolds number, umf drf /mf
Reb Reynolds number, vbDbrf /2mf
Sc Schmidt number, mf /rfDf

Sh Sherwood number, kDb/2Df

Sv, Sh vertical and horizontal pitches of tubes

u super®cial gas velocity
umf minimum ¯uidization velocity
ub absolute velocity of a bubble

vb relative velocity of a bubble, vb=ubÿ (uÿ umf)
wsu root-mean-square velocity of ejection of particles from a bed

Greek symbols
a coe�cient of heat transfer

b coe�cient of mass exchange between bubble and emulsion phases, related to bed unit volume
emf bed porosity at u=umf

e mean porosity of a bed

eb concentration of bubbles
ep porosity of a packing
mf dynamic viscosity of gas
lf gas thermal conductivity

r density

Subscripts
b bubble

cond conductive
conv convective
c±c conductive-convective

f gas
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two-phase nature distinguishes a FB from other dis-

perse systems (a stationary in®ltrated bed, a falling
dense bed, pneumotransport of particles, etc.). The
presence of these phases determines the character of

transport processes in a FB in many respects and, as is
known, imparts a number of unique properties to its
(high isothermicity, large values of the di�usion and

heat transfer) coe�cients.

2. Governing dimensionless parameters

The technique for obtaining similarity criteria of

transport processes in a FB that is based on the utiliz-
ation of the p-theorem and account for a two-phase
nature of the system: the presence of bubble and emul-

sion phases, is presented.

2.1. Bubble phase

The basic equation describing gas ¯ow distribution
over the phases in a FB (two-phase theory equation)

has the form

u � mumf�1ÿ eb� � ubeb � numfeb, �1�

where mumf is the velocity of gas in the emulsion

phase; numf is the velocity of the through (with respect
to a bubble) gas ¯ow. Introducing a speci®c gas ¯ow
in the form of bubbles (a `visible' bubble ¯ow) Eq. (1)
is obtained in the form

Gb � ubeb � uÿ umf�m�1ÿ eb� � neb�: �2�

As experience shows, gas distribution over the phases

with an accuracy acceptable for practice can be
described by simpli®ed versions of (2);

1. ®ne particles (d<1 mm)

m � n � 1, Gb � uÿ umf �3�

is the equation of the `ideal' two-phase theory by

Toomey and Johnstone [12];
2. coarse particles (dr1 mm)

m � 1, Gb � uÿ umf �1� �nÿ 1�eb�, �4�

is the equation ®rst used in [13]. The quantity n
which characterizes a gas ¯ow through a bubble
changes from 3 to 8 [13] and is rather a complex

function of an excess gas velocity (u ÿ umf) and a

bed height. Eliminating eb from (4), we can present
this equation in the form

Gb � �uÿ umf � ub

ub � �nÿ 1�umf

: �5�

Giving a determining role in the formation of a hy-
drodynamic ¯ow pattern of gas and particles in a
FB a `visible' bubble ¯ow, within the aims of the

present study an important conclusion can be made
on the expediency of using an excess gas velocity u
ÿ umf as a velocity scale typical of a bubble phase.

A local size of a bubble, its velocity and other
characteristics are, moreover, determined by the
value of the current coordinate h, the diameter and
the height of the bed that a�ect the coalescence of

bubbles. As bubbles rise in the gravity ®eld, the
quantity g should be added to the governing par-
ameters.

Any hydrodynamic characteristic of the bubble phase
B (velocity, size, and concentration of bubbles in the

bed, etc.) will, in a general case, be the function of the
above parameters

B � f �uÿ umf ,Hmf ,D, g, h�: �6�

The employment of the p-theorem of the similarity the-
ory makes it possible to write instead of (6) its dimen-
sionless analogue

B 0 � f

�
Fr,

Hmf

D
,

h

Hmf

�
, �7�

where Fr=(u ÿ umf)
2/gHmf is the Froude number

characterizing the ratio of the kinetic energy of gas
bubbles to the potential energy of bubble ¯oating.

Thus, the bubble phase is characterized by three gov-
erning dimensionless parameters

Fr,
Hmf

D
,

h

Hmf

: �8�

2.2. Emulsion phase

One of the more principal statements of the two-

phase theory of a FB, repeatedly con®rmed by exper-
iments, is the fact that the emulsion phase of a FB is
in the state close to the minimum ¯uidization.

fb freeboard
e emulsion
su surface of a ¯uidized bed

s particles
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Consequently, in interparticle gaps the characteristic
space and velocity scales are d and umf. The governing

parameters of the emulsion phase are cf , cs, rf , rs, mf ,
Df , and lf . It can be written for an arbitrary character-
istic of the emulsion phase E (coe�cients of interphase

heat and mass transfer, heat exchange between emul-
sion and the surface, etc.)

E � j�d, umf , cf , cs, rf , rs, mf ,Df , lf �: �9�
The application of the p-theorem to (9) leads to the re-
lation

E 0 � j
�
Remf , Pr, Sc,

cs

cf

,
rs

rf

�
: �10�

Using the Todes formula [14]

Remf � Ar

1400� 5:22
������
Ar
p , �11�

it can be written instead of (10)

E 0 � j
�
Ar, Pr, Sc,

cs

cf

,
rs

rf

�
: �12�

Not considering mass transfer processes and taking

into account the fact that for gases Pr is variable
within a rather narrow range, Eq. (12) can be simpli-
®ed

E 0 � j
�
Ar,

cs

cf

,
rs

rf

�
: �13�

Thus, the emulsion phase is characterized by three
governing dimensionless parameters

Ar,
cs

cf

,
rs

rf

: �14�

A principal di�erence between linear and velocity
scales in the bubble (8) and emulsion (14) phases is
noted: in the bubble phaseÐHmf, uÿ umf; in the emul-

sion phaseÐd, umf.

2.3. Fluidized bed

The consequence of two-dimensionality of a FB is
the fact that in a general case the transport character-
istic of the bed FB is determined by the superposition

(7) and (13)

�FB � 0 � C
�
Fr,

Hmf

D
,

h

Hmf

, Ar,
cs

cf

,
rs

rf

�
: �15�

Thus, there are six governing dimensionless parameters
characterizing local similarity of a FB (similarity of

local transport processes in a FB):

Fr,
Hmf

D
,

h

Hmf

, Ar,
cs

cf

,
rs

rf

, �16�

The equality of ®ve dimensionless criteria

Fr,
Hmf

D
, Ar,

cs

cf

,
rs

rf

�17�

allows one to speak of the integral similarity of a FB
(similarity of integral characteristics of a FB).1

3. Similarity of hydrodynamic and heat and mass

transfer processes. Examples

In this part of the paper the similarity of transport

processes will be considered in view of generalization
of experimental data in the form of dependences of a
speci®c determinable dimensionless characteristic of a
FB on the governing criteria (16) and (17).

3.1. Dimensions of gas bubbles

As is known, a complex collective motion of gas
bubbles which grow and accelerate with ascending
occurs in a bubble ¯uidized bed.

Presented here are three most substantiated and
practically tested formulas for determining a local size
of bubbles in the case of porous distribution of gas

when the entrance e�ect (the in¯uence of an initial
bubble size) can be neglected

Dh � 0:42�uÿ umf �2=5h4=5=g1=5, �15�, �18�

Dh � 0:78�uÿ umf �1=2h3=4=g1=4, �16�, �19�

Dh � 1:30�uÿ umf �2=3h2=3=g1=3, �17�: �20�
As can be easily shown, the dimensionless forms of
(18)±(20) are

Dh=h � 0:42Fr1=5�h=Hmf �ÿ1=5, �21�

Dh=h � 0:78Fr1=4�h=Hmf �ÿ1=4, �22�

Dh=h � 1:30Fr1=3�h=Hmf �ÿ1=3: �23�
The use of the local number Frh=((u ÿ umf)

2/gh ) sim-
pli®es these formulas even more

Dh=h � 0:42Fr1=5h , �24�
1 In what follows it is shown that to describe similarity of

heat and mass transfer of a FB with submerged surfaces the

number Re should be included into (16) and (17).
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Dh=h � 0:78Fr1=4h , �25�

Dh=h � 1:30Fr1=3h , �26�

Fig. 1 presents the comparison of numerous test data
[13,18±25] and the values of Dh calculated by (24)±

(26). As is seen, Eq. (26) is the best to describe exper-
imental data within the entire range of variation of ex-
perimental conditions.

Fig. 2 gives the results of the generalization, by the
suggested technique, of the test data obtained by
Podberezskiy and Rybchinskiy on the measurement of

gas bubble dimensions in beds of millet particles under
pressure. The obtained relation turned to be close to
the formula of Rowe (25)

Dh=h � 0:80Fr0:28h : �25a�

3.2. Bed expansion

This phenomenon is closely connected to the charac-
ter of a gas bubble ¯ow in the bed and the value of
FB expansion re¯ects concentration of bubbles in the
bed volume. Consequently, bed expansion can be

described by the correlation

H

Hmf

ÿ 1 � f

�
Fr,

Hmf

D

�
�27�

which follows from (7). Processing of numerous exper-
imental data [13,24,26±34] yielded the following
extremely simple and universal relations:

Fig. 1. Vertical size of gas bubbles. 1±5, [18]; 6±8, [19]; 9, [20]; 10, [21]; 11, [22]; 12, [23]; 13, [19]; 14, [23]; 14, [13]; 16, [24]; 17, [25];

18±19, [23]. I, calculation by (26); II, (25); III, (24).

Fig. 2. Vertical size of gas bubbles in beds under pressure. 1±7, P=0.1; 0.6; 1.1; 1.6; 2.1; 2.6; 3.6 MPa. Solid line is constructed by

Eq. (25a).
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(a) ®ne particles (0.074� 10ÿ3 R d R 0.38� 10ÿ3 m)
[26]:

H

Hmf

ÿ 1 � 0:70Fr1=3
�
Hmf

D

�1=2

, �28�

(b) coarse particles (d=(1ÿ 2)�10ÿ3 m) [35]:

H

Hmf

ÿ 1 � 0:54Fr0:54, �29�

shown in Figs. 3 and 4.

3.3. Bubble frequency

Frequency of gas bubble passage at the given point

of a FB re¯ects the laws of their collective motion. In
spite of relative stability of this quantity, it, neverthe-
less, depends on a number of factors. In [36] we

obtained the following dimensionless relation which
generalizes the available test data

fbHmf

uÿ umf

� 1:62

�
Ar

1400� 5:22
������
Ar
p

�0:50

Frÿ0:39
�

h

Hmf

�ÿ0:39
:

�30�

Fig. 3. Expansion of ®ne-particle ¯uidized beds [26]. 1±4, [26]; 5, [27]; 6, [28]; 7, 8, [29]; 9, [30]; 10, 11, [31]; 12±14, [32]; 15, [33]; 16,

[34]; 17, 18, [26]. Solid line is constructed by Eq. (28).

Fig. 4. Expansion of coarse-particle ¯uidized beds [35]. 1±5, [24]; 6±10, [13]. Solid line is constructed by Eq. (29).
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Fig. 5 shows the results of the comparison of test
[37±41] and calculated values of fb.

3.4. Mass exchange between a bubble and the emulsion
phase

In [42] it was obtained for the surface coe�cient of

mass exchange between a single bubble and the emul-
sion phase when Ar>500

Sh � 6:7� 104�PebReb�1=2Ar1=2: �31�

Using an obvious relation between the surface (k ) and
volumetric (b ) coe�cients of mass transfer

b � 6eb

hDbik, �32�

it is obtained on the basis of Eq. (31), relation of the
`ideal' two-phase theory (2) and a preliminary averaged

Fig. 5. Gas bubbles frequency in a ¯uidized bed [35]. 1, [37]; 2, [38]; 3, [39]; 4, [40]; 5±7, [36]; 8, [41]. Solid line is constructed by

Eq. (39).

Fig. 6. Coe�cient of mass transfer between bubbles and an emulsion phase. 1, [45]; 2±4, [44]; 5, [42]; 6±9, [43]. Solid line is con-

structed by Eq. (34).
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relation (26)

bHmf

uÿ umf

� k0Fr
ÿ1=3Ar1=2: �33�

Processing of experimental data [42±45] by the values
of b re®ned the dependences on Fr and Ar and resulted
in the following simple formula

bHmf

uÿ umf

� 0:21Frÿ0:13Ar0:14, �34�

which corresponds the test data with a root-mean-
square error of 18% (Fig. 6).

3.5. Solid mixing

As is known, extremely large values of the coef-
®cients of thermal conductivity and di�usion of FB
particles are due, ®rst of all, to the presence of power-

ful convective ¯ows of particles in the bed that are
caused by passage of gas bubbles through the bed. In
[11] the following model relation for the coe�cient of

vertical e�ective di�usion of particles is suggested

K � qabebDbub, �35�

where ab is the relative volume of the gas bubble wake.
On the basis of (35) with the employment of earlier

obtained results on test data correlation over the
characteristics of gas bubbles in [11] the formula for
calculating K was obtained

K

�uÿ umf �Hmf

� 0:1

�
Ar

1400� 5:22
������
Ar
p

�ÿ0:4
, �36�

which generalizes a large amount of data [11,46±50]

and is shown in Fig. 7. In [5] a similar formula for the
coe�cient of horizontal di�usion of particles was
obtained

Dh

�uÿ umf �Hmf

� 0:013Frÿ0:15
�

D

Hmf

�0:5

, �37�

which correlates the data of [50±56] and is shown in
Fig. 8.

Fig. 7. Coe�cient of vertical e�ective di�usion of particles in

a ¯uidized bed [11]. 1±11, [11]; 12, [46]; 13, [34]; 14, 15, [47];

16, [48]; 17±19, [49]; 20, [50]. Solid line is constructed by Eq.

(36).

Fig. 8. Coe�cient of horizontal di�usion of particles in a ¯uidized bed [51]. 1, 2, [52]; 3±5, [50]; 6±10, [53]; 11±13, [54]; 14±20, [51];

21, 22, [55]; 23±30, [51]; 31, [56]. Solid line is constructed by Eq. (37).
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3.6. Height of a separation zone of a FB

A speci®c feature of a bubbling ¯uidized bed is the

presence of a rather large freeboard, where particles

are carried away from the bed. Entrainment of par-

ticles is formed by gas bubbles escaping from the bed

and forming gas ¯ow nonuniformities on the FB sur-

face. Test data of [57] for small corundum particles

with d=0.134, 0.229, and 0.317 mm were correlated by
a system of dimensionless criteria

Fr,
Hmf

D
, Ar �38�

which follows from (17) if the e�ect of cs/cf , rs/rf is
neglected in it. To calculate Hc we obtained the follow-

Fig. 9. Height of the separation zone of a ®ne-particle ¯uidized bed. 1, d=0.317 mm; 2, 3, d=0.134 and 0.229 mm [57]. Solid line

is constructed by Eq. (39).

Fig. 10. Height of the separation zone of a coarse-particle ¯uidized bed. 1, d=0.967; 2, 1.33; 3, 1.85; 4, 5.6 mm [57]; 5, d=3.16 mm

[58]. Solid line is constructed by Eq. (40).
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ing simple relation

Hc

Hmf

ÿ 1 � 82

�
Fr

Ar

�0:25�
Hmf

D

�ÿ0:5
, �39�

shown in Fig. 9. Processing of experimental results
[57,58] in the beds of coarse particles d=0.967, 1.33,

1.85, 3.16, and 5.6 mm made it possible to ®nd an
analogous relation

Hc

Hmf

ÿ 1 � 4:8� 104Fr0:4Arÿ0:6, �40�

given in Fig. 10. With allowance for the above state-
ments about the formation of particle entrainment
from a FB we can conclude that the presence of Fr

number in (39) and (40) is the re¯ection of the objec-
tive causal-e�ective relationship between the phenom-
ena of gas bubble coming to the bed surface and
particle entrainment into the freeboard.

3.7. Heat exchange between a FB and the surface

Due to the complexity of the phenomenon (heat
transfer with the surface is performed by both gas and
particles) one did not succeed in obtaining simple one-

term relations for calculating the coe�cient of conduc-
tive±convective heat transfer within a rather wide
range of variation of the test conditions. To describe

the phenomenon, a number of models were suggested,
see, e.g. the survey in [59]. The most physically sub-
stantiated model, which allows for a two-phase nature
of the system, was and remains the Mickley and

Fairbanks packet model [60]. In accordance with this
model [59]2

acÿc � 1ÿ e
1ÿ emf

ae � aconv, �41�

where e is the mean bed porosity; ae is the coe�cient
of heat transfer with the particles (aggregates) of the

emulsion phase; aconv is the coe�cient of heat transfer
with gas passing through a FB. On the basis of the
system of dimensionless parameters for the emulsion

phase (14) it can be written

Nue � aed

lf

� f

�
Ar,

cs

cf

,
rs

rf

�
: �42�

Assuming (42) to be power-law, we obtain on the basis
of (41) for the conductive component of the coe�cient
of heat transfer

Nucond � 1ÿ e
1ÿ emf

Nue � A Ara
�
cs

cf

�b�rs

rf

�c

�1ÿ e�, �43�

where A, a, b, c are the dimensionless coe�cients (due
to the fact that 1ÿ emf changes, as a rule, slightly, this
quantity is introduced into A ).

As follows from the structure of formula (41), the
convective component of the coe�cient ac±c is deter-
mined by a full amount of gas ®ltering through the
bed, i.e. by the super®cial gas velocity u. Within the

framework of the similarity theory this means that the
dimensionless coe�cient aconvd/lf will be determined
by an additional parameter, i.e. the Reynolds number

Re=udrf /mf .
3 One of the latest and the most universal

formulas for calculating ac-c is obtained in [61] and has
the form

Nuc±c � 0:74Ar0:1
�
cs

cf

�0:24�rs

rf

�0:14

�1ÿ e�2=3

� 0:046Re Pr�1ÿ e�2=3=e,
�44�

(0.1� 10ÿ3 R d R 4.0 � 10ÿ3 m; 0.1 R P R 10.0 MPa;
1.4 � 102 R Ar R 1.1� 107). It can be easily seen that
the structure of (44) agrees with (41) and (43) and Re

is among the parameters determining the convective
component ac±c
Allowing for the appearance of Re in the system of

determining dimensionless parameters, using (17) as a

basis, a complete system of governing dimensionless
parameters can be presented

Fr, Ar, Re,
Hmf

D
,
cs

cf

,
rs

rf

: �45�

The equality of similar numbers in (45) for two di�er-

ent FB's indicates, apparently, their full geometrical,
hydrodynamic, and thermal similarity (equality of cor-
responding dimensionless integral characteristics of a

FB).
Complete local similarity of two di�erent FBs is re-

alized in the case of the corresponding equality of

seven governing parameters

Fr, Ar, Re,
Hmf

D
,
cs

cf

,
rs

rf

,
h

Hmf

: �46�

In this case the corresponding dimensionless local
characteristics of a FB will be equal. Below (see Table
1) speci®c examples of FB similarity are presented for

2 It is assumed that the coe�cient of heat transfer between

the surface and a gas bubble is close to the coe�cient of heat

transfer between the surface and gas ®ltering in the emulsion

phase.
3 The known analogy between convective heat transfer and

mass transfer makes it possible to conclude that the dimen-

sionless coe�cient of mass transfer will also be determined by

Re.
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the cases simulating a furnace (T=8008C, P = 0.1
MPa) and a gas generator (T=10008C, P = 2 MPa)
with a FB. Cold FBs are the beds ¯uidized by air at

T=208C and P = 0.1 MPa. The bed FB1 is com-
pletely similar to FB2, and FB3 to FB4 because they
have equal corresponding parameters in (45). We note
that the similarity by the simplex cs/cf cannot be

obtained due to indirect relation between c and r.

3.8. Coe�cient of heat transfer and particle

concentration in a FB freeboard

Heat transfer in this zone is determined, as known

[14], by the concentration of particles which are
thrown from the bed in the wakes of gas bubbles. The
wake velocity assigns initial velocity of particles on the

upper boundary of the bed and determines distribution
of their concentration over the height of the freeboard
[14]

r � rsu exp

�
ÿ 2g�hÿHmf �

W 2
su

�
: �47�

On the basis of (47) Palchenok and Hassan [62],
assuming Wsu0(Vb)su=0.711

���������������
g�Db�su

p
, found a simple

relation between r and (Db)su

r � rsu

�
ÿ 2g�hÿHmf �

n�Db�su

�
: �48�

Using (18) and (20), the authors of [62] obtained re-
lations for calculating r:

(a) ®ne particles (0.10�10ÿ3R dR 0.315� 10ÿ3 m)

r
rsu

� exp

�
ÿ 1:2

hÿHmf

Hmf

Frÿ1=3
�
, �49�

(b) coarse particles (1.6�10ÿ3R dR 4.0� 10ÿ3 m)

r
rsu

� exp

�
ÿ 2:4

hÿHmf

Hmf

Frÿ1=5
�
: �50�

Assuming then, as in a FB (see (44)), (ac±c)fb0(1ÿ e )2/3

0r 2/3, on the basis of (49) and (50) the authors of [63]
obtained the following formulas for calculating heat

transfer in the FB freeboard:

(a) ®ne particles

A � �ac±c�fb ÿ a0
ac±c ÿ a0

� exp

�
ÿ 0:8

hÿHmf

Hmf

Frÿ1=3
�
, �51�

(b) coarse particles

A � exp

�
ÿ 1:6

hÿHmf

Hmf

Frÿ1=5
�
, �52�

where a=0.78lfRe
0.5
t /Dt. In [64] the formula was

obtained for calculating (ac±c)fb in the beds of coarse

particles (1.6 � 10ÿ3 R d R 4.0 � 10ÿ3 m) which does
not involve ac±c

�Nuc±c�fb ÿNu0 � 0:29Fr0:66��hÿHmf �=Hmf �1:32

� Ar0:27 exp

�
ÿ 1:4

hÿHmf

Hmf

�
,

�53�

where Nu0=0.78dRe 0.5t /Dt.

4. Conclusions

The method for obtaining similarity criteria of a FB
is suggested which is based on simultaneous use of the
p-theorem of the similarity theory and Eq. (1) of the

two-phase theory of ¯uidization allowing for the pre-
sence of bubble and emulsion phases in the system.
The system of seven dimensionless criteria of local

similarity

Fr, Ar, Re,
Hmf

D
,
cs

cf

,
rs

rf

,
h

Hmf

:

is found.

Table 1

Similarity of ¯uidized beds

Quantity FB furnace (FB1) Cold FB (FB2) FB gas generator (FB3) Cold FB (FB4)

D, m 1 0.18 1 1.62

Hmf, m 1 0.18 1 1.62

u, m/s 2 0.92 2 2.52

2umf, m/s 1 0.50 0.49 0.61

d, m 2.5�10ÿ3 0.55� 10ÿ3 2�10ÿ3 3.9�10ÿ3

mf , kg/m s 449� 10ÿ7 179� 10ÿ7 365�10ÿ7 179�10ÿ7

rf , kg/m
3 0.31 1.2 4.81 1.2

rs kg/m
3 2000 7741 2000 500

Similarity Similarity
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The equality of the corresponding quantities of this
system for two di�erent FBs makes it possible to

speak of their full local similarity (equality of all
dimensionless local and integral characteristics).
The system of six dimensionless criteria

Fr, Ar, Re,
Hmf

D
,
cs

cf

,
rs

rf

allows one to determine integral similarity of FBs.
Their corresponding equality for two FBs indicates full
integral similarity (equality of all dimensionless integral

geometric, hydrodynamic, and heat transfer character-
istics).
The correlations obtained on the basis of the devel-

oped method of the similarity theory for calculating
local and integral characteristics of a FB are a particu-
lar expression of the similarity of transport processes

in the system. They are distinguished by simplicity,
physical and large universal nature and are convenient
for practical use. The employment of the present tech-

nique makes the work on experiment planning and on
generalization of the obtained experimental data con-
siderably simpler.
In conclusion it is noted that the formulated

approach is transferred without di�culty to packed
FBs where additional limitations are imposed on gas
bubble motion that are caused by the presence of a

®xed packing, e.g. a tube bundle, in the bed. This, con-
sequently, leads only to the appearance of additional
quantities (ep, Dt, Sv, Sh) in (6) which characterize the

packings. In this case also introduced is a modi®ed
Froude number Fr �=(u/ep ÿ umf)

2/gSv, which charac-
terizes gas bubble motion in the intertube space instead
of Fr=(uÿ umf)

2/gHmf [65].
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